S’/be ckral radius

A= unital Ban. a/a) ach (4 —.io)
Def The sjectral fadius of a s

@ = supdidl: Aeg @)
Getlund’ thmy => 1,(a)= laf
Example A= (X)) = 1, =/af

The same holds for G(X), X~ top gpace

Exuple ARl H-findim hth pece

Ar 0
O‘EA a-= ( ,'-. ) w.r.t an orthonerua!
0 A batis

=) (fA(a) = max ] A = lall

{€(<n
Evawple - B(€*) a=(5 3

= a)=0 , bt la)>0.

xer- aeh s nilpotent —=> G;‘(a)={0}

= Q(a\:o.



Thin (Beurting, Gelfand)
A= unital Bal/l.&,/ﬁ) ach =>

ra) = Cim | - "”f lla"| V'?
V] e

n—-—» co

A
Ideq: < triv: [ M[=la] )6
CZ) /GA* ; A —> 7/((4 -')\C{)_i) /j(an)

Cor r(a)-0 < O‘ml{a"/}%f-o e

n— oo

S VE>0 la'll=o(en) (11— o)
Dﬁ-f Cwch elewents are called Quatinilpo tent.
@ample /ebg_e/‘-

The Volterra im‘cﬁm/ operofer

i Lla,b1=> Ll k], Gf60-Jkey))dy

A

i< qwcuo’m'//o. V bdd measurable
K on la,bl>]a b]

Cor . A = unital Bam.ajg) BCA closed
S«uba(a) 1 € R =

=¥ beB g (b)=r,(5)



The maximal spaffum ad the
Gelfand P storm

A~ commutative unital o,lﬁe/ara,
@_ef. An ideal 19/4 is moximal <=2
ﬂt’deal T et IGTEA
Exer T i maxtmwal <> AJT isa field
2994 The maximal s’/)eefrum/n aj{A Is
MaK(A)—-—{Mak:‘Maj (deal’ Of A)
Exer/example
S el 5 ¢
peC > ”le“’{fé(f_l[t'z ,- jq))=©}
Prop. Each proper ideal ¢f A is coutuined

n a wmwax. ideal

Pmof. I1G A ideal
M={J: TGA isanideal, TCJ|

Claim : (M, C) setlfies Hu conditions of
Zorn's lewwmug .

Tndeed - Qu/)fose CCM /s achain




let K= U{J: JeC]
K i€ anideal; ICK
¥ JeC ie‘J’ = {EK= K#£A

K ic anr upper bound ]%f c =

= M has a max. dement. [

Def- The chasacter space of A ic
A={x:A->C : X s a character K£0)

Obserye : U;(C/l /(er)(CMQx(A)

fﬁ/) The Map A >Ma><(/4) Q{:->/(erﬂ;

IS :{L/ec{—,ve
Proof  «, ,)’aCA Kerog =Kergt, =>
= X=2%, (Acd:) 1= % (1) =2,31) =)
= X=X,
Exgmp le /exer
@) A=Cl] = A f>M&XC4> is a bijection
@ ARC isafield = A=  but MaxA o)




Lémma_ A= comm unital Ban al =)

= each mase. ideal 3? A is cloced in A.
Proof Let I€Max(A). = T is ap ideal
Sweh pose T4 = I=A =
= I[)Ax%ﬁ (becavse AX ic O/Sem I'n ,4)
= I=4, a coutradiction.

Cor A couwum unital Ban

@(3 does npt have
dence /)I‘O/Déf ‘deals

Thm A = comm. untal Ban_ajg =>

AN

= the wap A - Max (4), K> Kery,
IS G bide,ch‘on.

Observation . A= Bqn.afy) ICA closed
2—Cided idecd sf A > A/I 7 Bam.a,/?,
wnt latI]= "ﬂf{lav‘bII: beI}‘

Pm&f%n'w' Let T€Max(h) =
= A/_T_ IS @ Bat/l-apc‘e,/d = > A/I >~
wol. N _ .
A \_‘L___,—>/_l‘/—]’;;-7@ j:_-l<€f;(. 1
Y




Cor. A= comm. umi{'a/{ Ban cdg) a€ehA .
ac A <> VY e Koy 40

Proof (=) clear

(=) S'M/JPOSQ @A = Aa G A =

= TEMax (8) s7 T2 Aa ; but I=KerX

(Q(QZ\\\ = X(Q)?O.
@nvm{—wn Identlgf’g 2\\ with Max (A)
gomeﬁofs on the wea k™ 150'206035[

F = normed S/&Ce.
¥ veE de(ﬁ‘me a Sew(hofhna /I- /Iv on E*

by 141, = 1]
D_(L;P- e wealk* f?pOZOﬁy on EX /5 the
loe. convex wpoloay gen. by {ll»d\,: VEE}_
l__:_g]/)&‘ce'ﬁg/; ¢ fe E¥ tiy standard cubbace
97{) nbhd< af' £ (for wk*) i<
GJ” 7{ U:/,E #) veEE, £>03) where

Upe ()= 19EE™: 16> f0d]<€ ]




Facts: () wk* is Hausdorff.
©) (E* wk*) < €
wk® = the restriction 1o Exof the product
C?Tychorwfvg) t':D/JOZOﬁy ov CE
(2) f;-—%f wrt wit <= f;(v)ef(v) VveE
B) VveE (et £:E=> T, &)-4)
wk® - the weakest fO/JOFDﬁy on EX
that nwkes all €, continuous
(4) X= t'e/b.s)ace
A map (p: K%(E?Wk*) s cont &=>
<> [ veE £,0p: X>C ic cout
%) L'E‘. E— E** can. emb (v/—>gv)_
IML'E = { L EEF ;o s w/<“i.comfj
(g) E)I: wamec{
A (/{tl/l- 9/3€P. T: (F)*Wk*) —9(E>}; Wk*) _
is cont <=> J a bdd tn op S+ E>F
ot ST

(¥) (B anach-Alacglu Tho)
Bex = fo[é ¥ I£1< i} /S wks-'icom/)act_



A = conum unital Banach alg.

Def Thy Gelfand @ﬂg‘%y on Max (A) )
i« the restriction to A of te weok* Cop.
on A* qu(A)NA c A*

Thnt. Max (A> i< com/quf and Hausdorff_

Proof (% wk* ) ic Haued => cois A
Ac By (Bys , wk*) is COIM/)Cw;(f
We have 1o Show that AC[BA& /s C&osecl
Let a,beA  Observe: the neaps A% €

Je AF 1 f@) AR O) .y cout

JOGAX —> J[(i) wrt wict
A= Sfeh*. fab)-Ha)lb)-o VaheA; }
fl)=1

-._.——

= A ¢ cloged in BA* [ |

D’f The Gej&md fransform zbfae/—) BS
 Max(A) > C , at)=x@)

BCQP- 4 s continuous

M GA( = ‘;4(50 ‘_7_\\ ) IA(Q) ic wl cout olf(él%




’D_af The Geffmd Frangform 3/4 is
]'A; A — C(MC&XA)) CIEA — 3

Thu, (properties f 1)
A = comm. untod Ban.a/\?(é’ra.

@) f;_\ le a uaital Q/ﬁe/anx honond
@) Inl=1 (ifA#o)

(3) Yaeh lal,,=n@)

L) Ya€ch <ZA(QJ=3(MQ><A).

) Ker/‘/jl = (] fI: IeMaxAj =

~1{a€EA = a is qua/sim‘ép}_

Pf‘OOf. (1) exer

(4) We lkenow : é\((MQXA) ﬁgC(MaxA) (@)
=> M&JK{ Yo show that

rJ(mom'n\/> C non(wj\\/_
S"-L/)/)OSQ af A= 3 XEA st Xl =0,
that is, a(y)zo => @ IS woniny in C(MQXA)

() follows frou (1)
@) YaeA Ml ,=r@<lall = IHl<1;



=1 = I l=4

(5) K@rIA = N {Kery: ?(é/z\\}

= D{I leMaX/-\)3 = {‘i‘“‘s"”? fe"‘ﬂ},
1

Zl%ﬁ A = unital Commn. a/@
The Jacobson rad.caf ‘%P A s

JA)=N41: IGMax(A)}
A is Jacobson LCMLS’JM!g/e = \/(4)——-—0.
Qq_(‘. vaf;l 1§ S/Se(’. ‘nvariant in C(MaxA)_

Pt‘oof- M) CMaxA Y —5 ac A —
= F(Q)G(IMIZ)X- L{




Examp/es: wbafﬁmaa g C(x)

X = combact Kausd (_0/, gpace

Ve X & C(X)"* C) &(f):f(‘é)j

m, = Keré,
Lemima V ideal IQC(K) dxeX ¢t ICw,

Proof  Suppose ¥xeX .61 <t L () #0
o nbhd Upx st VyeU, {,(y) £0

X = (&U UU,( (by cow,ﬂacinesg
Let f - i/fxl - if

f(y) SO b’yé)( =) f;g lVlVéthﬁ K C(K)
= T = C(X), e contfr. |_I




Qr “T’hema]p £ X —> Max C(X))xn—emx

A
s @ bU’ecf.'om_ \C(x), KESE

Netation. X,Y eowpact, Haucd
{:X =V eont
4 Cly) — C(X)) fo(tpquoof_
PPO e,rt[es G‘C'fqu
() 15 a unital alg. hont, and 1)~ 1
(2) (i)()‘:: i{c(x)
B) Xby 7 =@fr-£ g
Observe: (1)-B) = f/f ¢ « homeo,
tHhen f iC an iSowuwtr e ;fomor/b/z/SW.




Tﬁ_g_/l. )(-:C0m/)acf erd.‘fo/.g/)qce
Ac C) subalg, dopy©A. Suppose

(4) A s e Bcwi-ajﬁ. w.r.t a worm thet
dominates Che sup norm,

2) A te parates Hee points of X

B) ¥V xeA 3 xeX <t x=¢.

Then ﬂceuw.fng X-*;A X & /sa

k@u&omﬂr/)/u@m /uOf'@O\/Cr‘ thue fo[[ dtag_

o utes C(X)
ST@

cwwm
Proof. (2) g (5) = £ 's & bjfection

£ is cont <=> WV qel the map A £(><)(a)

is cont: a(x)
o€ C(X) =y £ IS cont = £ (¢ a howmeo.

ET NG = M) (&) = &4 (a) = aW)
= the draf(‘ Commuct €S, =y



Cor. If A=C(X) (X compact, Kausd)
=> [} IS an itonefric isoruerh hicun,
and VA_J—: &

Functorial properties Of T’

objecls: cowp. Hausd to
Com/: | (/afeg’ 4

mor/)hdsous: cont maps.
CUOBRA Ohjects : Comm unital Ban a/\?_
thph"fms: cont unital home
_2 eontravar. funetors:
C : Com/b — COBA | X C(X);
(f: X— Y (£ C(Y)——a(}(x)))
' (p)=pof
Max: CUBA — Covu/b) A — Max (—/‘L)
(Lp: A—=RB) > (¥ Max (B) —anx(A)j
LX) = xep )

p* is the restr of (p* B* - A* (dual 07’) (P),
which iS u/k*—(:ontU o P MaxB > MaxA




Exer.

@ 1&;% — Max(C(x)) : X€ Comp }

is a naetural 1som. btw jco

and Max-C

(2) { [‘/‘l A — C(MCN(A)) : AcCUBA
i a natuwnl trensformation A =R

(ﬁ(OM ICU&A é_O C" MCL)(

(3) 3 4 COI‘/ES/Bonc[emce

eunp
2 va °&y

7{'01‘/; <~ £

1

W | s
C(MaxA) %C(Mw&

_

(4, C(X)) 2 Hony,,,, (X, Mixh) =

=Hom (MaxA, X)
QJmFP

Hence (MQK,C) IS an a(you‘f /)aj/‘ 97/

ﬂ{,{,moﬁ}f&
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