12.05.2026 TOPOLOGICAL VECTOR SPACES Exercise sheet 13

Topological tensor products II
(EXERCISES FOR LECTURES 14-15)

13.1. Given ¢ € N| let ¢; denote the sequence with 1 in the ¢th slot and 0 elsewhere. Let p > 1.
(a) Show that, for each n € N and each \y,...,\, € K, the following identities hold in ¢ ® ¢F:

Hi)\z@i@@i zil&l, Hi)\ﬁi@(% :(il)\ﬂp)l/p'
i=1 = i=1 c i=1

(b) Show that, if p > 1, then the canonical map ¢* &, ? — (' @, is neither topologically injective
nor surjective.

13.2. Let p,q > 1 be such that 1/p+1/q = 1.
(a) Show that, for each n € N and each Ay, ..., A, € K the following identities hold in /¥ ® (%

Hi)\i&'@@i Zzn:|)\i|, Hzn:)\iez‘®€i
i=1 L — i1

(b) Show that the canonical map ¢? R 01 — (P R, (7 is neither topologically injective nor surjective.

= max |\|.
e 1<i<n

Hint. To prove the nonsurjectivity in (b), it suffices to prove the injectivity of this map. For that
purpose, show that (p, ® 1)(u) — u for every u € P ®, ¢4, where p, is the projection onto the first
n coordinates.

13.3. (a) Is £2®, (? topologically isomorphic to a Hilbert space?  (b) What about (% ®, £2?

13.4. Let n € N, and let ¢ € C be an nth primitive root of unity. Define u, € ¢! @ ¢! by u, =

7 i (e ®e;.

(a) Show that ||uy |- = n*? and |Ju,. < n.

(b) Show that the canonical map ' @, /' — ¢* &, (' is neither topologically injective nor surjective.
(Hint for the 2nd estimate in (a): u, corresponds to a unitary operator on C".)

13.5. Prove that the following canonical maps are neither topologically injective nor surjective:
(a) co®xco— co®eco;  (b) C[0,1]®,C[0,1] = C[0,1] &. C0,1].

Hint. For the topological noninjectivity, reduce (a) to the previous exercise and (b) to (a).
For the nonsurjectivity in (a), see the hint to Exercise 13.2. For the nonsurjectivity in (b), use a
similar argument, where p,, is the projection onto a suitable finite-dimensional subspace consisting
of piecewise linear functions.

13.6 (®, does not respect subspaces). Let X be a Banach space and let Y C X be a closed noncom-
plemented subspace having a predual Z (this means that Z’ is topologically isomorphic to Y'). Prove
that the maps Y ®, 2 - X ®, Z and Y R, Z — X ®.. Z induced by the inclusion Y — X are not
topologically injective.

13.7. Given a Banach space X and a complemented subspace Y C X, let
A(Y, X) = inf{||P|| : P is a continuous projection of X onto Y}.

Suppose that for each n € N we have a Banach space X,, and a finite-dimensional subspace Y,, C X,
such that \(Y,, X,,) — oo as n — oo. Let X denote the ¢'-sum of the X,,’s, and let Y denote the
¢*-sum of the Y,,’s. Show that X and Y satisfy the conditions of Exercise 13.6.
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13.8. Let T = {z € C: |z| = 1} act on C(T) via the regular representation, i.e., (z- f)(¢) = f(¢z)
for all f € C(T), 2,{ € T. Given k € Z, define x;.: T — T, xx(2) = 2. For each n € N, we let
Y, = span{xy : —n < k < n} C C(T). Suppose that P is a continuous projection of C'(T) onto Y.
Define Q: C(T) — C(T) by

Qf = / (- P2 )(f) dpu(z)

(the average of P), where p is the normalized length measure on T (i.e., the usual length measure
divided by 27). Show that

(a) @ is a projection of C(T) onto Yy;

(b) QI <[Pl

(c) Q(z-f)==2-Q(f) forall z € T and f € C(T);

(d) there exists a unique projection @ = @, of C(T) onto Y,, satisfying (c), and @Q,, takes each
f € C(T) to the nth partial sum of its trigonometric Fourier series, i.e., Qnf = Y _ . cx(f)Xks
where cc(f) = f, Fedp

(e) for each f € C(T) we have Q,f = D,, * f, where D,, = >/ Xy is the nth Dirichlet kernel,
and where the convolution f % g of f,g € C(T) is defined by

(f % 9)(2) = / F(Og(¢2) du(Q):

(£) A(Yp, O(T)) = [Qull = fy|Dul dpt — 00 a5 n = .
Thus the spaces X,, = C(T) and Y,, satisfy the conditions of Exercise 13.7.

13.9. Let X and Z be Banach spaces, and let Y C X be a closed vector subspace. Suppose that the
mapi®1: Y ®, 2 — X ®; Z induced by the inclusion map ¢: ¥ — X is not topologically injective
(as in Exercise 13.6). Show that for each n € N there exist finite-dimensional subspaces X,, C X,
Z, C Z and an element u € Y,, ®, Z, (where Y,, =Y N X,,) such that ||ul|x, oz, <n Hully,s. z,-

13.10 (®. does not respect quotients). Construct a surjective continuous linear map X — Y of
Banach spaces and a Banach space Z such that the induced map X ®. Z — Y ®,. Z is not open, and
such that the induced map X ®. Z — Y ®,. Z is not onto.

13.11. (a) Construct Banach spaces X, Y and an element u € X &, Y which cannot be represented
as u =y ATn ® Yy, where Y |\, < o0, 2, - 0in X and y,, = 0in Y.

(b) Construct locally convex spaces X, Y and an element u € X ®. Y which cannot be represented
as u =y ApTp ® Ypn, where > |\,| < 00, z, = 0in X and y, — 0 in Y. (For metrizable spaces,
such an expansion is always possible, see the lectures.) (Hint: take X and Y as in Exercise 10.9.)



