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Continuous linear operators. Equivalent families of seminorms
(EXERCISES FOR LECTURES 2-3)

Recall (see the lectures) that the space s of rapidly decreasing sequences is defined by
5= {x:(acn) e KN: Hx||k:51é§|:cn\nk <ooVk€Z>0}. (1)
The topology on s is given by the seminorms ||- || (k € Z>0). Similarly, one defines the space s(Z) of rapidly decreasing
sequences on Z (more exactly, we replace N by Z and n* by (1 + |n|)¥ in (1)).
2.1. Let A = (\,) € KN. Consider the diagonal operator
My: KN = KN (21, 29,...) = (M\21, oo, .. ).

(a) Show that M), is continuous.
(b) Find a condition on A that is equivalent to My(s) C s.
(c) Find a condition on A that is necessary and sufficient for M, to be a continuous map of s to s.

2.2. Describe all continuous linear functionals on the spaces (a) KY; (b) s.

Recall (see the lectures) that the Schwartz space . (R™) is defined by

S ®) = {f € C¥®) : | fllap = sup [1"D° f(a)| < o0 Vor, f € B ).

The topology on .(R") is given by the seminorms || - |la,s (o, 8 € ZY;).
2.3. (a) Let U C R™ be an open set. Consider a differential operator
D= )" a,D", (2)
o] <N

where a, € C*(U). Show that D is a continuous operator on C*°(U).

(b) Find a reasonable condition on a, € C*°(R™) that is sufficient for D to be a continuous operator
on .7 (R™).

(c) Let us equip the space K[[zy,...,x,]] of formal power series with the topology of convergence
of each coefficient (in other words, we identify K[[z1, ..., z,]] with K?0 equipped with the product
topology). Show that for each a, € K[[z1,...,z,]] formula (2) defines a continuous operator on
K[[z1, ..., z,]].

(d) Let U C C be an open set, and let aq,...,ay € O(U). Show that the differential operator

is continuous on O (U).

2.4. Let T={z € C: |z| = 1}, and let x denote the normalized length measure on T (“normalized”
means that the measure of T is 1). Show that the Fourier transform

FC%(T) = 5(Z), (Ff)n) = / F(2)=" du(2),

is a topological isomorphism of C*°(T) onto s(Z).
2.5. Show that an open linear operator between topological vector spaces is surjective.

2.6. Characterize (a) topologically injective and  (b) open linear operators between locally
convex spaces in terms of defining families of seminorms (in the spirit of the continuity criterion, see
the lectures).
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2.7. Show that the following families of seminorms on s are equivalent (where 1 < p < +00):

(1) [J2]©) = sup, [za|n* (k€ Zso);

2) |zl = 3, [zaln® (k€ Zso);

®) i) P
(3) 2l = (S, lealn?) ™ (k € Zso).
2.8. Show that the following families of seminorms on .’(R") are equivalent (where 1 < p < 400):
(1) e = sup [z*DPf(2)] - (a1, B € Z2,);
zeR™

2) 1fllks = sup [2|*[DP f(2)| (k€ Zso, , B € Z2);
TER™

(3) £ = sup (L+ [|2|)HID?f(x)] (K € Zo, B € Z2);

zeR
@) 1£IL) = feu U+ N2DHDP f(@) da (k€ Zso, , B € Z2y);
1/p
) 11 = (Jan L+ Nl ?ID2f @) d2) " (k€ T, .6 € 22)

2.9. Let U be a domain in C, and let &(U) denote the space of holomorphic functions on U. Choose
a compact exhaustion {U;};en of U (ie., U = |J, U;, U; is open, U, is compact, and U; C Uy, for
all i € N). Let p € [1,+00), and let p denote the Lebesgue measure on C. Show that the following
families of seminorms on &(U) are equivalent:

(1) ||fllx =sup|f(z)] (K CU is a compact set);
zeK

ak+£f(z)
oxk Oyt

(2) Ifllkec = sup (K C U is a compact set, k, ¢ € Z=o);

z=x+iye K

3) AV = [ 1f(2)]d(2) (i € N);
@ 179 = (Ji, 1P du) " G en).

Remark. The equivalence of (1) and (2) in Exercise 2.9 means that the topology of compact convergence and the
topology induced from C*°(U) are the same on &'(U).

2.10. Let Dy = {z € C : |z| < R}. Given f € 0(Dg), let ¢,(f) = f™(0)/n!. Choose p € [1,+00),
and let p denote the Lebesgue measure on the circle |z| = r. Show that the following families of
seminorms on O'(Dg) are equivalent:

(1) ||[fllx =sup|f(z)] (K C Dgis a compact set);
zeK

@) £ = o lea( DI (0 <7 < R);
3) 1719 = (S0 leapP )" (0 < < R)

@) 171 = suplea( )l (0< 7 < R
5) IFIL = [y 1 dulz) (0 <7 < R);
©) 171 = (f P dnz) " 0 <r < R).



