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Topological vector spaces. Seminorms and convexity
(EXERCISES FOR LECTURES 1-2)

Convention. All vector spaces are over K =R or K = C.

1.1. Let X be a topological vector space. Show that the closure of a vector subspace Xg C X is a
vector subspace as well.

1.2. Let X and Y be topological vector spaces. Show that
(1) alinear map X — Y is continuous iff it is continuous at 0;
(2) theset Z(X,Y) of all continuous linear maps from X to Y is a vector subspace of Homg (X, Y).

1.3. Let (X, P) be a polynormed space. Show that, for each x € X, the family
{Upl,n-,Pn,E(x) P1,---»Pn € P, n c N, g > O}

is a base of neighborhoods of x, where Uy, ,..(z) ={y € X :pi(y —x) <eVi=1,...,n}.

1.4. Let (X, P) be a polynormed space, and let z € X, p € P,e>0. Show that the closure of the
open ball U, .(z) ={y € X :p(y —z) <e}isequal to U, (v) ={y € X : ply — ) < e}

1.5. Let (X, P) be a polynormed space. Show that a sequence (z,) in X converges to x € X for the
topology generated by P iff for all p € P we have p(z,, —z) — 0.

1.6. Let (X, P) be a polynormed space. Show that {0} = ({p~'(0) : p € P}.

1.7. Give a reasonable definition of the canonical topology on C*°(M ), where M is a smooth manifold.
(This was done at the lecture in the special cases where M is either a closed interval on R or an open
subset of R™.)

1.8. Let X be a vector space.
(a) Show that S C X is convex iff for all A, u > 0 we have (A + p)S = AS + uS.
(b) Give a similar characterization of absolutely convex sets.

Definition 1.1. Given a subset S of a vector space X, the convexr hull of S is defined to be the intersection of all
convex sets containing S. The convex hull of S is denoted by conv(S). The circled hull, circ(S), an the absolutely
convex hull, T'(S), are defined similarly.

1.9. Let X be a vector space, and let S C X. Show that

(1) conv(S) = {Z?:l N, €8, 020,00 N=1ne N};

(2) cire(S) = {)\x re8, AeK, |\ < 1};

(3) I(S) = {22;1 Ntz €8, N eK, S N <1, ne N}.

1.10. Let X be a topological vector space, and let S C X. Show that
(1) if S is convex, then the closure S and the interior Int S are convex;

(2) if S is circled, then S is circled; if, moreover, 0 € Int S, then Int S is circled;
(3) if S is open, then conv(S) and I'(S) are open; if, moreover, 0 € S, then circ(S) is open.

1.11. Let p and g be seminorms on a vector space. Show that p < ¢ ift U, C U, and that p < ¢ iff
U, < U,.
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1.12. Show that any seminorm p on a vector space X is equal to the Minkowski functional of the
open ball U, = {x € X : p(z) < 1} and of the closed ball U, = {x € X : p(x) < 1}.

1.13. Let S and T be absolutely convex, absorbing subsets of a vector space, and let pg, pr denote
their Minkowski functionals. Prove that ps =pr < U,, CT CU,, < U,, CS CU,,.

1.14. Let X be a topological vector space, let V' C X be an absolutely convex neighborhood of
0, and let py denote the Minkowski functional of V. Show that IntV = {x : py(x) < 1} and
V = {x : pv(x) < 1}. Deduce that V s py is a 1-1-correspondence between the collection of all
absolutely convex open neighborhoods of 0 and the collection of all continuous seminorms on X.
Moreover, the inverse map is given by p — U,,.

Definition 1.2. Let X be a vector space. A function p: X — [0, +00) is an F-seminorm! if

1) plz+y) <plx)+ply) (2,ycX);
2) p(Az) <p(z) (reX, [N <1)
3) if (An) is a sequence in K and A,, — 0, then for every z € X we have p(A,z) — 0.

If, moreover, p(z) > 0 whenever z # 0, then p is an F-norm.

1.15. Prove that, for every F-seminorm p on a vector space X, the topology on X generated by the
semimetric p(x,y) = p(x — y) makes X into a topological vector space.

1.16. Let (X, p) be a measure space, and let 0 < p < 1. We define LP(X, ) to be the space
of (pu-equivalence classes of) measurable functions f: X — K such that |f|P is integrable. Given
feLP(X, p), let
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(a) Show that |- |, is an F-norm on LP(X,p). Thus LP(X, i) is a metrizable topological vector
space.

(b) Show that the only continuous linear functional on L?[0,1] is identically zero. As a corollary,
LP[0, 1] is not locally convex.

(c) Can LP(X, ) be locally convex and infinite-dimensional?

1.17. Let (X, u) be a finite measure space. We define L°(X, i) to be the space of (u-equivalence
classes of) all measurable functions f: X — K. Choose a bounded monotone function ¢: [0, +00) —
[0, +00) satisfying the following conditions:

1) (s +1) <ps) +o(t) (s,t=0);
2) ¢(0) = 0;
3) ¢ is a homeomorphism between suitable neighborhoods of 0.

For example, we can let ¢(t) =t/(1+t) or o(t) = min{t,1}. Given f € L°(X, ), let
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(a) Show that |- | is an F-norm on L%(X,p). Thus L°(X, ) is a metrizable topological vector
space.

(b) Show that a sequence in L°(X, u) converges iff it converges in measure.

(c) Show that the only continuous linear functional on L°[0, 1] is identically zero. As a corollary,
LY[0,1] is not locally convex.

(d) Can L°(X, u) be locally convex and infinite-dimensional?

Lep» ig for “Fréchet”.



